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On Haar and Schauder series 
By L. G. PÄL and F. SCHIPP in Budapest 
1. Consider the Haar functions [1] 
X № ) S = L ( X £ [ 0 , L ] ) , 
/2™ \XE 
Ak> 
k_ 2k + l)V 
2"i' 2 m + 1 I I' 
o U e [ o , i ] \ 
k 2k + Ii..', \2k + 
2 m 5 2M + ^ f P -1 » 2M ) } ) ' 
(ni — 0, 1, 2, ..., ; A: = 0, 1, 2, ..., 2m - 1 ) and arrange them in a sequence {ji„}r=o 
by setting x0 = x(00} and x„ = xLk) for n = 2m + k. 
The system of the functions 
(1) '»(*) = ( O s x g l ; « = 0 , 1 , 2 , . . . ) 
will be called the Schauder—Ciesielski system (cf. [2], [3]). 
We associate with every function f{x) on the interval [0, 1] the numerical sequence 
{c„(/)}r= o defined by 
(2) c o ( / ) = / ( l ) - / ( 0 ) , 
and call 
(3) 
(« = 2m + Är; m = 0,1, 2, . . . ; k = 0,1, 2, . . . , 2 m - l ) 
5 ( / ) = / ( 0 ) + 2 c „ ( / ) < P „ ( x ) 
N = 0 
the Schauder—Ciesielski series of the function f(x). 
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I f / ( x ) is continuous on the interval [0, 1] then it is known that the series (3) 
converges uniformly to f ( x ) ([2], [3]). 
T h e o r e m 1. For an arbitrary function f ( x ) on [0, 1] the series (3) converges 
to f ( x ) at every dyadic rational point x, and at every point x where f ( x ) is continuous. 
P r o o f . For the partial sums 
n - i 
( 4 ) S , , « - S N ( / ; * ) = / ( 0 ) + 2 Q ( / ) ? , ( * ) 
1 = 0 
we have evidently that 
-S/iW = S2*(x)- or S„(x) = S2.+i(x) if 2 v s « < 2 v + 1 . 
Thus it is enough to study the convergence behaviour of the partial sums 
Let x be an arbitrary but fixed point in the interval [0, 1]. For every v we define 
the pair of dyadic rationals av(x), pv(x) by the inequalities: 
( 5 ) «V(*) = S * < ~ = / ? , • ( * ) ( 0 S / < 2 ' - L ) . . 
From (2) and (4) we deduce 
(6) = (v = 0 ,1 , 2, . . . ; / = 0, 1, . . . , 2V— 1). 
Since S2v(x) is linear on the interval (av,(x), J?v(x)), (2) and (4) imply that 
(7) S A f , x) = /(«„(x)) + 2" (x - av(x)) {f(p,(x)) - / ( a v (x))}. 
For dyadic irrational x our assertion follows f rom (7) if we take into account 
the inequalities 0 < (x —av(x))2v < 1. For dyadic rational x the assertion is trivial. 
2. A function f ( x ) (x £ [0, 1]) will be called D-dijferentiable at x if 
n / ( / ? v ( x ) ) - / ( a v ( x ) ) ] . 
tends to a finite limit f'D(x) as 
T h e o r e m 2. Let / ( x ) be an arbitrary function defined on [0, 1]. Then the Haar 
series 
CO 
(8) S'(x)= Z c n ( f ) M 
n = 0 
with the coefficients defined by (2) is convergent at a dyadic irrational point x if and 
only i f f ! , (x) exists, and in this case its sum is equal to f'D(x). 
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P r o o f . From (1) and (6) we deduce that 
( 9 ) sAx) = 2 2 c<(J)yAx) = 2 2 ct(f)<P¡(x) = S A X ) = 
1=0 1=0 
= 2<[S 2 . ( f ; /?,(*)) - 5 2 v ( / ; av(x))] = 2 - / ( « » ( * ) ) ] • 
Since 
(10) j„(x) = j2v(x) or s„(x) = s2,+,(x) for 2 ' s « < 2 ' + 1 , 
our assertion is an immediate consequence of (9). 
T h e o r e m 3. The series 
OO 
(11) Zwnix) 
n = 0 
is the Haar—Fourier expansion of a Lebesgue-integrable function if and only if there 
exists an absolutely continuous function F(x) for which an = cn(F), i.e. 
<12) S'(F) = ZanXn(x). 
n = 0 
P r o o f . Suppose (11) is the Haar—Fourier expansion of a function f(x)£L[0, 1], 
i.e. that 
i 
(13) an = Jf(x)X„(x)dx ( « = 0 , 1 , 2 , . . . ) . 
o 
x 
Let F(x) = J f i t ) dt. Integration by parts gives 
o 
(14) an = }F'{x)Xnix)dx = - / Fix)dX„ix) = cn{F) 
0 0 
for « = 1 , 2 , 3 , . . . , while for n = 0 the equality a 0 = c 0 ( F ) is trivial. 
Conversely, if Fix) is absolutely continuous, then we can consider the series 
(11), where 
i i 
an = - / Fix)dX„ix) = f F{x)xnix)dx, 
0 0 
i.e. S\F) is the Haar—Fourier expansion of the integrable function F\x). 
T h e o r e m 4. All the partial sums of a Haar series (11) are non-negative every-
where if and only if there exists an increasing function fix) on [0, 1] for which 
S'iF) = Ianx„ix). 
P r o o f . I f / ( x ) is an increasing function in [0, 1], then by the equation (9) the 
partial sums of the Haar series S ' i f ) are non-negative everywhere. 
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Conversely, if for all x(l[0, 1] and for every « the inequalities 
n- 1 
s„(.x) = 2 a,Xi(x) £ 0 
1 = 0 
hold, then the functions 
X 
(15) Sn(x) = fsn(t)dt (« = 1 , 2 , . . . ) 
o 
are absolutely continuous and increasing for every w, and the equalities 
S„(0) = 0 5,(1) = c 0 
hold. Applying the theorem of Helly we can pick out a subsequence {S„k(x)}r= i of 
the sequence (15) such that the limit 
(16) lim Snk(x) = F(x) 
exists for every x [4]. The function F(x) is evidently increasing on [0, 1] and we have 
/"(0) = 0 and JF(l) = a 0 -
Since the functions S„k(x) satisfy the inequalities 0 ^ S„k(x)^a0 we have by the 
dominated convergence theorem of Lebesgue that 
i i 
(17) lim / S„k(x)dXm(x) = / F(x)dIm(x). 
o o 
Since by the orthonormality of the Haar system the equalities 
i i -i 
f S„k(x)dxm(x) = - f xm(x)dSnk(x) = - f Xm(x)s„k(x)dx = -am 
0 0 0 
are true for tik £ m , it follows from (17) that 
am = - f FdXm, i.e. am = cm(F) (m = 0,1, 2, ...). 
o 
Q.E.D. 
The following assertion can be proved in a quite similar way. (We have only 
to use the decomposition of a function f ( x ) into its positive and negative parts.) 
n — 1 
T h e o r e m 5. For the partial sums s„(x) = 2 aih(x) of a Haar series (11) 
1 = 0 
we have 
I 
In = f\sn(x)\dx=0( 1) 
o 
if and only if there exists a function F(x) of bounded variation on [0, 1] for which 
'S\F)= 2 alXl(x). 
1 = 0 
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3. In this section we mention some corollaries to the above theorems. 
T h e o r e m 6. A Haar series with non-negative partial sums converges almost 
everywhere to 0 if and only if there exists an increasing singular function fix) for which 
the Haar series is identically equal to S ' ( f ) . 
The theorem is an immediate consequence of Theorems 2 and 4. 
T h e o r e m 7. There exists a Haar series with non-negative partial sums, which 
is not the Haar—Fourier expansion of some function / ( x ) £ L[0, 1]. 
This follows from Theorem 6 if we apply it to an increasing singular function. 
Thus the fact, conjectured by STEINHAUS for trigonometric series, and proved in [5], 
does not hold for Haar series. 
Finally it is possible to give a class of continuous functions which are not differen-
tiable almost everywhere; more precisely the following assertion is true: 
T h e o r e m 8. If in a Schauder—Ciesielski series 
(18) 2 a n ( p n i . x ) 
n = 0 
the coefficients an tend monotonically to 0 then the series tends uniformly to a continuous 
function f(x) and if at the same time 
(19) Z a 2 n = ~ , 
then fix) is not differentiable almost everywhere. 
P r o o f . The series (18) is equiconvergent with the series 
~ /2"'—1 \ ~ v 
m=0 \k = 0 ) m—0 
m 
and since \<Pm(x)\^a02 2, the series (18) converges uniformly, and hence it is the 
Schauder—Ciesielski expansion of its continuous sum f{x). 
If the function f{x) were differentiable on a set £ c [ 0 , l] of positive measure, 
then by Theorem 2 the Haar series 
S ' { f ) = 2anXn(x) 
would be convergent on E. But this is impossible, because, by [6], a Haar series 
is almost everywhere divergent if its coefficients are monotonie and satisfy condi-
tion (19). 
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